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This paper describes and discusses the history and state of the art of continuous backbone robot manipulators. Also known as
continuum manipulators, these robots, which resemble biological trunks and tentacles, offer capabilities beyond the scope of
traditional rigid-link manipulators. They are able to adapt their shape to navigate through complex environments and grasp a wide
variety of payloads using their compliant backbones. In this paper, we review the current state of knowledge in the field, focusing
particularly on kinematic and dynamic models for continuum robots. We discuss the relationships of these robots and their models
to their counterparts in conventional rigid-link robots. Ongoing research and future developments in the field are discussed.

1. Introduction
Robotics as a field is still in its formative stages. Designers
of robots are continuing to explore the range of possibilities
for robot structures which can sense and perceive, navigate
and locomote, as well as grasp and manipulate. The creation
of programmable manipulators can be traced to be very
beginning of robotics as a discipline [1]. To date, robot
manipulators remain the core product of the field, being
productively and profitably deployed in industrial settings
worldwide.
However, when moving outside the highly structured
world of industry, especially the factory floor, traditional
rigid-link manipulators have been less successful. Their rigidlink structure (while excellent for precise positioning of their
end effector) tends to be the cause of unwanted collisions
when not in workcell environments specially engineered to
maintain open spaces for their movements. Their inability
to grasp objects other than at their end effector significantly
restricts their manipulation capabilities beyond those of
objects preengineered to fit their end effectors. Consequently,
in real-world environments and situations not prechoreographed, it is generally nontrivial, and often not possible, to
deploy rigid-link manipulators.
Robot manipulators do not, however, have to be formed
from rigid-links. An alternative design possibility, which we

discuss in this paper, is to create a robot with a continuous
form or backbone. These robots, termed continuum robots,
can be viewed as being “invertebrate” robots, as compared
with the “vertebrate” design of conventional rigid-link robots.
Continuum robots can bend (and often extend/contract
and sometimes twist) at any point along their structure.
This provides them with capabilities beyond the scope of
their rigid-link counterparts. An example (in the following
paragraph) serves to illustrate this.
In Figure 1, a continuum robot gently contacts and adapts
its shape to wrap around a fragile object (a glass lampshade).
Subsequent to this image, the robot lifted and performed
“whole arm manipulation” [2] of the object, without causing
breakage or damage. This was achieved with no prior planning or knowledge of the object and without any sensing
of the contact between robot and object. This would be an
extremely difficult operation for a conventional rigid-link
robot manipulator. Active force sensing would be required to
present a sufficiently compliant interface to avoid breakage
of the object. Further, note that even grasping such an
object would require significant a priori specialized tooling or
fixturing, as the object geometry is inherently unsuitable for
grasping with a parallel jaw gripper. However, the continuum
robot was able to use its compliant, actively controlled
continuous structure to perform the operation easily, quickly,
and without a priori knowledge or task engineering.
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Figure 1: A continuum robot grasping and manipulating a fragile
(glass) object, using its compliant backbone to adapt to the object’s
shape.

The above example of compliant whole arm grasping
demonstrates one novel and appealing feature offered by continuum robots, compared to conventional rigid-link robots.
Another key feature (and dual to the previous one above) is
the potential to use the backbone to keep away from, rather
than contract and grasp, complex environmental geometries.
In this way, continuum backbones (note that the term backbone is used for continuum robots despite their invertebrate
nature) can “twist and turn” to negotiate very tight spaces,
thus penetrating areas where conventional robots would be
unable to enter or would get their links stuck in. This novel
potential and the attempt to realize that potential in useful
hardware remain at the core of the field of continuum robots.
Historically, interest in continuous backbone robots
began as early as the 1960s. As for the first continuum robot,
Anderson and Horn’s Tensor Arm [3] (discussed further in
Section 2) appears to have been the first prototype reported in
the literature. Intended for underwater applications, the prototype did not, however, progress from the laboratory stage.
It was quickly realized that, while early prototypes could be
made to achieve a wide range of shapes, the relationship
between the shapes and inputs was highly complex—much
more than for rigid-link robots and certainly challenging for
implementations using the computing environments of the
time.
There followed a lull in activities in the area until the late
1980s and early 1990s, when two key developments occurred.
Inspired by the need to approximate hyperredundant (rigidlink) robot backbones, Chirikjian published the first works
[4, 5] providing general continuous backbone kinematics
and dynamics for robots. Inspired by the example of snake
locomotion, Hirose [6] published innovative results on the
evolution of continuous backbone shapes. (Hirose also produced continuum robot prototypes [6]). Together, the above
efforts are the seminal work establishing the field.
Further efforts in continuous backbone robot hardware
in the 1990s centered in two directions: (1) extension of the
original tendon-driven design concepts of Anderson/Horn
and Hirose aimed at practical implementation [7, 8] and
applications [9–11] and (2) the new innovation of creating
backbones with pneumatically actuated chambers [12–14].
Robinson and Davies, codevelopers of some of the second
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group of contributions, coined the term “continuum robot”
in 1999 [15].
In parallel with the above developments in hardware,
the 1990s saw progress and innovation in continuum robot
modeling, particularly in kinematics. In a series of papers
[16–18], “bottom-up” continuum robot kinematics models
were developed. These works began with the constraints of
physical continuum robot backbones and formulated backbone kinematics from them. It can be seen (this is reviewed
in detail in Section 3) that the models resulting from these
“bottom-up” approaches can be formed from the initially
published “top-down” theory of [4, 5]. The new models, being
matched directly to hardware constraints, enabled modelbased implementations and thus real-time computer control
of continuum robot shapes.
The late 1990s and the 2000s have seen a significant
increase in the number of researchers in continuum robots
and a corresponding increase in the number and breadth
of published papers on the topic. In this paper, we review
and discuss the current state of the art in the field of
continuum robots. Summaries of early developments in the
field have appeared [19, 20]. In this paper, we summarize
the early work and update for the many recent developments
in this rapidly emerging field. We begin in Section 2 by
discussing the underlying design principles of continuum
robots and classify continuum robot designs to date into three
main design types. Section 3 provides an overview of the
kinematics of continuum robots. The dynamics and control
of continuum robots are reviewed and discussed in Section 4.
Ongoing research in the field is summarized in Section 5.
Conclusions follow in Section 6.

2. Design Principles
The defining feature of a continuum robot is a continuously curving core structure, or backbone, whose shape
can be actuated in some way. An almost universal additional property is that the backbone is compliant; that is, it
yields smoothly to externally applied loads. Together, these
properties enable the physical capabilities which motivate
continuum robots: to adapt the backbone shape to maneuver
the robot within more complex environments and to conform
to grasp a wider class of objects than feasible with rigid-link
robots.
The design space available to achieve the above properties
is very large. For example, the backbone core does not
even have to be continuous. Snakes present the external
appearance of having a continuous structure, but are vertebrates, with an internal segmented backbone comprised of
(many very small) rigid-links. Robots with segmented rigidlink interior backbones presenting a continuous external
form have been developed [8, 21–23]. These are sometimes
termed “continuum-style” robots. However, such designs
are rare, and almost all designers have sought to create
truly continuous backbone structures. The most significant
exceptions are the “snake-arms” [24] of OC Robotics [25], the
only continuum-style robot currently commercially available.
These robot arms, as the name suggests, are composed of
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serially connected modular rigid-link sections. While not
truly continuum, with enough modules, the form resembles
a continuous backbone. They have been deployed in nuclear
reactors and inside airframes, among other applications
[25].
Design of robot structures in the absence of rigid elements is an unfamiliar process for most robotics designers. However, several fundamental design principles can be
identified by a careful study of biological “tongues, trunks,
and tentacles” [26–28]. In particular, the group of structures
termed “muscular hydrostats” [29], which includes octopus
arms, elephant trunks, squid tentacles, and mammalian
tongues, has provided a rich vein of insight for continuum
robot designers. Animals do not have to be the only source of
inspiration; the vines and tendrils of plants [30] are a source
of inspiration also [31, 32].
Muscular hydrostats are structures comprised almost
entirely of their own actuators (muscle), with some additional
fluid and connective tissue. They can typically bend and
twist and often extend to some extent at any point along
their structure. The muscles are arranged in oriented arrays
(longitudinal, transverse, and oblique) in a way that enables
both the motive force and structural support for bending,
extension, and torsion to be provided by the muscles [29].
Some initial work [33] aimed to mimic (albeit at a much
less detailed scale) the muscular hydrostat design concept in
continuum robots, using various artificial muscle technologies. However, practical continuum robots require not only
significant bending but also high force generation, and the
state of the art in artificial muscle technology (both at the time
of publication of [33] and at the time of writing this paper)
was not capable of satisfying these needs at scales suitable for
continuum robots. If, at some future time, artificial muscle
technologies advance sufficiently, the possibilities for design
and operation of continuum robots could be revolutionized
[34]. Note that issues of packaging, power consumption,
wiring, and so forth would remain major challenges.
In the absence of technologies which can easily mimic the
key biological inspirations, designers have followed several
alternative paths. The basic requirements are to produce
active bending and ideally also some extension and local
torsion, of continuous backbone structure which possesses
some helpful (predesigned) internal energy properties. Three
alternative fundamental design strategies have emerged. Each
strategy and notable continuum robots constructed to date
using it are summarized in the following subsections.
2.1. Tendon-Based Designs. Perhaps the most direct approach
to bending a continuous structure is the use of remotely
actuated tendons. Given a backbone which, in the absence
of external loads, consistently attains a given shape (typically
a straight line, though this is not strictly necessary [35]),
tendons can be used to deviate it from that shape via bending.
Tendons are routed along the backbone and terminated in
groups at selected points down it. Forces applied to the
tendons at the base produce torques at the termination
points, resulting in bending. The design is quite simple and
(relatively) straightforward to realize in hardware.
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Figure 2: The Tendril, a tendon-driven continuum robot.

The first published example of a continuum robot, the
“Tensor Arm” [3], is a good example of a tendon-based
design. Tendons, routed through spacer elements, were used
to effect bending of the core backbone element in several
“sections.” The termination points of sets of tendons along the
backbone define the sections; see Figure 2.
One choice for the core backbone element is a compressible spring. An early spring-backbone-based design was
produced by Hirose [6]. The more recent long thin “Tendril”
continuum robot by NASA Johnson Space Center [31] is also
based on a spring backbone (Figure 2). The spring backbone
provides natural compliance. However, this also makes, the
designs difficult to control, as control effort intended for
backbone bending is lost in compression. The same is true
for tendon-actuated pneumatic backbones (Figure 3).
A simple solution to the problem of uncontrolled compression is to use a flexible incompressible rod as the
backbone element [7]; see Figure 4. This approach has several
advantages including a slender low-profile backbone and
more predictable behavior. The disadvantage of course is
that this approach precludes the incorporation of backbone
extension. However, the incompressible backbone concept
has proved a popular and successful design, with numerous
implementations based on it [36–39].
Tendon-based continuum designs share the following
general features: (1) the backbone shape resolves into a
finite series of “sections” whose end points are defined by
the tendon termination points along the backbone; (2) the
forces achievable with the device are relatively high (tendons
generate relatively high forces); (3) some method must be
found to prevent slack [17] and backlash [36] in the tendons;
and (4) the design requires a relatively bulky actuator (motor)
package at the base of the robot. With respect to (3), most
implementations either actively actuate all tendons [40] or
use a single actuator to actuate antagonistic tendon pairs,
with a spring mechanism to take up the slack [17]. With
respect to (4), the location of the actuator package outside the
backbone has led to the tendon design being categorized as an
“extrinsically actuated” continuum robot design [20].
Tendon-actuated continuum robots have been designed
for space operations [31] and, in particular, medical procedures [40, 41]. A spring-based tendon-driven backbone
continuum robot was developed for sinus surgery in [42]
and another developed for ACL surgery in [43]. A system for
laryngeal surgery was developed in [44]. A “robot octopus”
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Figure 5: Concentric tube continuum robot concept.

Figure 3: Air-Octor Continuum robot. This two-section, sixdegree-of-freedom robot bends a pneumatically inflated core tube
using six tendons.

Figure 4: Tendon-based continuum robot with incompressible
flexible rod core.

with six cable-actuated limbs has been demonstrated underwater in [45].
2.2. Concentric Tube Designs. A second form of extrinsically
actuated continuum robot (and the most recent to emerge)
is based on a backbone formed by concentric compliant
tubes. The tubes are free to move (translate and rotate) with
respect to each other (subject to hardware limits) with the
translations and rotations actuated at the base of the robot.
The net effect is similar to some telescopes: the structure
can extend and contract by translational sliding of the tubes
longitudinally (modulo the length of the tubes, the smaller
diameter tubes becoming the most distal), and the structure
can achieve local rotation by rotational sliding of the tubes;
see Figure 5.
The concentric tube design thus directly achieves both
extension and torsion [46]. However, it does not inherently
provide for backbone bending. The simplest approach to this
issue is to use precurved compliant tubes [47, 48]. This,
when combined with the directly controllable extension and
torsion, provides some useful variation in backbone shapes.
Another approach is to use tendons to bend the tubes [49, 50].
However, this significantly increases the complexity of the
design [32].
Advantages of the concentric tube design include the
inherently clean and thin design (assuming the design with
no tendons to bend the tubes) and the fact that the actuator
values (unlike with tendons) directly correspond to backbone

shape variables. Disadvantages include the need for an
external actuator package and the lack of inherent support
for actively controlled bending.
Concentric tube continuum robots have found a niche
application in the medical field, where their small profile
and high compliance are well suited for minimally invasive
procedures [49, 51, 52]. In this context, they are smaller-scale
and lower-force devices than their counterparts constructed
via the other two designs and are sometimes termed “active
cannulas” [53]. For example, in [52], sampling-based motion
planning techniques are used to design a concentric tube
robot specifically for the task of navigation through the
human lung. In [48], an MRI-compatible, piezoelectrically
actuated concentric tube robot is designed for neurosurgery
and percutaneous interventions.
2.3. Locally Actuated Backbone Designs. The third design
type differs from the previous two by including the actuators directly in the backbone. Indeed, this type of “locally
actuated” continuum robot typically forms the backbone
from its actuators. In this regard, the design is closest to
the biological continuum structures which often motivate
continuum robots. This also gives rise to the categorization
of the design as “intrinsically actuated” [20].
Typical locally actuated designs form the backbone from
pneumatic “McKibben” muscles [54, 55], though numerous
versions using shape memory alloys [56] have also been
built. The strategy is to form the backbone from independently actuated sections. Each section is constructed from
(typically) three independently actuated muscles, connected
together along their length. The muscles can be “extenders”
(increased length as a function of increased pressure) [54,
57] or “contractors” (decreased length as a function of
higher pressure) [54, 58]. See Figure 6 for an example of the
“Octarm” series of locally pneumatically actuated continuum
robots.
When pressure is evenly increased or decreased in all
three actuators of a straight section, the section length
increases or decreases. When differing pressures are applied
to the actuators, the section bends into a segment with
approximately constant curvature. The plane of the curve is
determined by the three pressures. In general, the section
extends, contracts, and changes its curvature and plane of
curvature as a function of the three applied pressures. The
net shape of the backbone is thus a serially connected set
of approximately constant curvature segments (with the end
tangents coinciding).
The locally actuated continuum robot design has been
the subject of much research and numerous realizations in
the recent years. In particular, the high-profile “Octarm”
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Figure 6: Intrinsically actuated three-section, nine-degree-offreedom pneumatic “Octarm” continuum manipulator.

[33, 57, 59, 60] and “European Octopus” [45, 54, 61, 62]
projects featured continuum robots based on this design.
Other realizations of the design include the “Bionic Assistant”
[35, 63], which closely resembles the trunk of an elephant
[28]. Shape memory alloy actuation has been used to steer
an active cannula for medical procedures, and in [64, 65],
dual shape memory alloy-based backbones are used in a
system designed for single port access surgery. Additionally, a
locally actuated system for endoscopic stitching intended for
surgical obesity treatment is presented in [66], and a design
for colonoscopic insertion is described in [67].
Actuator selection for intrinsically actuated continuum
robots can be from any available type of artificial muscle. This
could include muscles based on engineered polymers, such as
elastomers, for example. An extensive study of the potential of
these types of actuators is presented in [34]. However, at this
time, only the pneumatic or hydraulic actuator technologies
feature the combination of bending and force generation
capabilities for continuum robots at the human scale or
larger.
Locally actuated continuum robot designs have the
key advantage of inherently providing the backbone with
extension, bending, and torsion (actually, bending in two
dimensions). This is a feature not directly provided by
either tendons or concentric tubes, as discussed in the
preceding subsections. Disadvantages of locally actuated
designs include relatively low force generation capabilities
(for pneumatically actuated designs at least), fairly complex
tube routing/valving, and the need for external pressure
regulation equipment and a compressor.
2.4. Variable Backbone Stiffness. An interesting choice for
continuum backbones is to use pneumatically actuated tubes.
The KSI Tentacle Manipulator [11] and the Air-Octor robot
([68, 69] Figure 3) were each based on tendon-actuated
extensible pneumatic chambers. This design allows tendon
actuation of both bending and extension. Notice, however, that the pneumatically actuated tube design adds the
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advantage of being able to actively regulate the internal
stiffness of the backbone. However, these designs, in common
with spring-based backbones, suffer from the problem of
uncontrolled longitudinal compliance along the backbone.
Also, pneumatics offer a limited range of possible backbone
stiffnesses.
Alternative approaches to variable (controllable) stiffness
backbones have considered magnetorheological and electrorheological fluid-based actuation [70, 71]. In these materials, magnetic and electric fields can be used to change the
properties from fluid to stiff or solid. This allows backbones
built from, or strongly biased by, such materials to feature
tunable stiffness.
More recently, the idea of using “jamming” of suitable
media (such as sand or coffee grains) has been exploited for
novel variable stiffness continuum robot design [70, 72, 73].
The underlying notion is to pack the media in a closed
chamber to bring and vary the internal pressure to “loosen”
the media in a fluid state, or “jam” it into a solid state. For
example, in [73], granular media are used as the jamming
element. Initially packed into a chamber under a vacuum,
the grains jam and unjam the chamber as a function of
applied pressure. It is demonstrated in [73] that, when three
such chambers are combined in parallel with a McKibben air
muscle, a tunable stiffness section element can be produced.
A prototype tendon-driven continuum robot using granular
jamming for variable stiffness is demonstrated in [72].
In [70], the jamming elements are multiple surface layers,
interleaved in various ways. Negative pressure is used to
bring the layers together and exploit friction to create tunable
stiffness via “layer jamming.” A tubular continuum backbone
is built (locally actuated using shape memory alloy wires
as core actuators) and shown to exhibit significant range
of backbone stiffness. This approach to augmenting core
continuum robot designs with new innovations to enhance
performance shows significant promise for producing the
next generation of continuum manipulators.
2.5. Common Property: Constant Curvature. Notice that,
independent of underlying physical structure, a common
property exhibited by virtually all continuum robots ([35,
63] being notable exceptions) is that the resulting backbone
approximates a serially connected set of constant curvature
sections. This arises due to the following: (1) all three previous
design types create a series of serially connected sections;
(2) internal potential energy in each section is uniformly
distributed (unactuated, each section is straight, or bent
at a fixed configuration); and thus, within each section,
internal forces act to drive the unactuated (passive) degrees of
freedom to equalize in value along the section. This produces
internal section bending of constant curvature at any given
moment.
Therefore, in practice, achievable continuum backbone
shapes are (fairly close approximations to) sequentially connected segments of circles in three dimensions (with the
tangents to successive section end points aligned and the
arc lengths of the segments corresponding to robot section
lengths). While the “constant curvature” property is affected
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by external loading (some sag typically exists due to gravity
or grasped objects), it remains a good first approximation to
backbone shape and has been strongly exploited in kinematic
models, as discussed in the next section.
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3. Kinematics
t(0)

In order to coordinate the movements available in continuum
robots, kinematic models, which capture the relationship
between configuration (backbone shape) variables and both
task (e.g., tip) and actuator (e.g., tendon or muscle length),
variables need to be established. Such models form the basis
for motion planning and control algorithms and are the
critical step between prototype development and practical
implementation of continuum robot hardware.
Since continuum robots can change their shape at any
point along their structure, their models necessarily differ
significantly from those of conventional rigid-link robots,
where configuration changes can occur only at a finite number of fixed locations along their structure (the joints between
the rigid-links). For rigid-link robots, the well-established
Denavit-Hartenberg (D-H) convention [1] provides a general
underlying framework for the development of kinematic (and
dynamic) models. The D-H convention establishes a local
coordinate frame fixed in each of the (finite number of) links
and develops the overall kinematics via a sequential series of
frame-to-frame steps, as a function of the (finite) number of
joint angles [1].
For continuum robots, the fact that the local shape varies
continuously along the backbone needs to be reflected in
kinematic models. Two alternative approaches have emerged.
The first takes a “bottom-up” strategy, building a continuum
model via exploiting the D-H approach to fit a “virtual” rigidlink robot to the backbone. The second uses a “top-down”
philosophy, explicitly treating the backbone as a continuous
curve, in order to formulate the models. We review each
approach and demonstrate how ultimately they lead to the
same models in the following two subsections.
3.1. Continuum Kinematics via Virtual Rigid-Link Kinematics.
The first (and the most inspired by hardware) approach to
continuum robot kinematics strongly exploits the constant
curvature sections feature possessed by almost all continuum
robots to date. This approach, which first appeared in [8], is
based on the observation that the evolution from one end to
the other of a constant curvature curve can be represented,
in the plane of that curve, via three discrete transformations:
(1) a rotation to “point” the tangent at the curve beginning to
the curve end point; (2) a translation along the newly aligned
direction (from curve beginning to end); and (3) a second
rotation (of same amount as the first) to realign with the
tangent at the curve’s end; see Figure 7.
Given this observation, in the plane, a “virtual” threejoint rigid-link manipulator, with identical (i.e., coupled)
rotations as its first and third joints and a prismatic joint in
the middle, can be used to model the kinematic transformation along any constant curvature backbone. Consequently,
it is possible to find the corresponding kinematic model,

t(0)

s

Figure 7: Geometry of constant curvature in the plane.

using the conventional D-H approach, for the virtual robot.
This approach, first used in [8], has been used numerous
times subsequently [18, 36, 39]. The details (D-H table and
associated homogeneous transformation matrix) are given in
Table 1 and (1).
Consider
cos (𝜃1 + 𝜃3 ) − sin (𝜃1 + 𝜃3 )
[
[ sin (𝜃1 + 𝜃3 ) cos (𝜃1 + 𝜃3 )
[
0
[𝐻3 ] = [
[
0
0
[
[
0
0
[

0 −𝑑2 sin 𝜃1

]
0 𝑑2 cos 𝜃1 ]
]
] . (1)
]
1
0
]
]
0
1
]

Useful continuum robot kinematics can now be developed by noting, as well as substituting in the virtual robot
kinematics, relationships between the joint variables for
the virtual robot and corresponding configuration space
variables for the continuous curve. Specifically (see Figure 7),
𝜃1 = 𝜃3 = 𝜃,

𝑑2 = ‖𝑥 (𝑠)‖ ,

𝑘=(

1
).
radius

(2)

We have (utilizing the underlying geometry)
𝑠 = 𝑟 (2𝜃) =

(2𝜃) (𝜃1 + 𝜃3 )
=
.
𝑘
𝑘

(3)

So
(𝜃1 + 𝜃3 ) = 𝑠𝑘.

(4)

sin 𝜃
‖𝑥 (𝑠)‖ 𝑑2
=
= 𝑟 sin 𝜃 =
.
2
2
𝑘

(5)

Also

So
𝑑2 =

2 sin 𝜃
.
𝑘

(6)

Substituting (4) and (6) into the model (1) and simplifying
gives
cos (𝑠𝑘) − sin (𝑠𝑘)
[
[
[ sin (𝑠𝑘) cos (𝑠𝑘)
[
[𝐻30 ] = [
[
[ 0
0
[
[
0
0
[

1
0 ( ) {cos (𝑠𝑘) − 1}
]
𝑘
]
1
0
( ) sin (𝑠𝑘) ]
]
𝑘
] . (7)
]
]
1
0
]
]
0
1
]
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Table 1
𝜃
∗
0
∗

Link
2
3
3

Table 2

𝑑
0
∗
0

𝑎
0
0
0

𝛼
−90
90
0

𝜃
∗
∗
0
∗

Link
1
2
3
4

𝑑
0
0
∗
0

𝑎
0
0
0
0

𝛼
90
−90
90
−90

z4

a suitable coordinate system down the backbone. The position
at 𝜎 along the backbone is found as (Φ is frame orientation)

z3
𝜃4
d3
z2
𝜃1

x4

x3

z1
z0
𝜃2

x0

x1

0

x2

Figure 8: Three-dimensional constant curvature section geometry
obtained via rotation about initial tangent.

(8)

The above equation reflects the model developed by
Mochiyama and Suzuki [75–77], wherein the 𝑥-axis of the
local coordinate system is aligned with the tangent down the
backbone. An equivalent formulation developed earlier—the
first kinematic analysis for continuum robot backbones—was
developed by Chirikjian [4, 5]. In that formulation, the 𝑦-axis
was aligned with the backbone tangent.
For the planar constant curvature section in Figure 7, the
orientation matrix is given by
0

The model (7) describes the forward kinematic relationship (3 by 3 orientation, top left of (7), and 3 by 1 translation,
top right) between continuum curve shape (arc length and
curvature) and task space. Note that the relationship is not, as
for the rigid-link case, restricted to transformations from end
to end of the “link” (“section” here). By making the arc length
𝑠 arbitrary, the expression (7) models the transformation
from curve shape to any task-space point along the backbone.
Thus, the D-H algorithm for discrete jointed robots has been
used to create a truly continuum section kinematic model
in (7). Planar multisection kinematic models can be easily
created by chaining together (multiplying the homogeneous
transformation matrices) the models for the individual sections [17].
The kinematics of spatial constant curvature curves can
similarly be modeled by the addition of an extra pair of
(again identical, coupled) rotations to each end of the planar
version to create a 3D virtual rigid-link robot. In a similar
fashion, continuum kinematics are found by substitution
of appropriate geometric relationships; see Figure 8 and
Table 2. The 3D virtual robot is formally a 5-joint robot,
with 2D rotational joints at each end of a prismatic joint.
However, the robot has only three independent degrees of
freedom, as the two 2D rotational joints are coupled. This
agrees with the intuitive number of degrees of freedom of a
constant curvature curve in space, that is, arc length, radius
of curvature, and orientation of curve plane in space. Multisection 3D kinematic models can be created by chaining
together individual section models as before [17].

1
𝜎
p (𝜎, 𝑡) = ∫ 0 Φ (𝜂, 𝑡) [0] 𝑑𝜂.
0
[0]

Φ (𝜎, 𝑡) = [𝑅𝑧orientation ]
𝜎

𝜎

[cos (∫0 𝑘 𝑑𝜂) − sin (∫0 𝑘 𝑑𝜂) 0]
]
[
𝜎
𝜎
]
[
= [ sin (∫ 𝑘 𝑑𝜂) cos (∫ 𝑘 𝑑𝜂) 0]
]
[
0
0
]
[
0
0
1
]
[

(9)

(𝑘 is the curvature). Utilizing (9) in (8) and performing the
integration, we obtain
1
( ) {cos (𝑘𝜎) − 1}
[ 𝑘
]
[
]
1
0
]
p (𝜎, 𝑡) = [
[ ( 𝑘 ) sin (𝑘𝜎) ] .
[
]
0
[
]

(10)

Noting that
𝜎

𝜎

[cos (∫0 𝑘 𝑑𝜂) − sin (∫0 𝑘 𝑑𝜂) 0]
[
]
𝜎
𝜎
[
]
0
Φ (𝜎, 𝑡) = [ sin (∫ 𝑘 𝑑𝜂) cos (∫ 𝑘 𝑑𝜂) 0]
[
]
0
0
[
]
0
0
1
[
]

(11)

cos (𝑘𝜎) − sin (𝑘𝜎) 0
= [ sin (𝑘𝜎) cos (𝑘𝜎) 0] ,
0
1]
[ 0
and recalling that

3.2. “Direct” Continuum Kinematics Approach. An alternative (and more mathematically direct) approach explicitly
treats the continuum backbone as a curve in space and “floats”

[𝐻30 ] = [

0

Φ (𝜎, 𝑡)
0

0p

0

(𝜎, 𝑡)
].
1

(12)
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We obtain (noting the “0” in the previous equation is a 1
by 3 vector)
cos (𝑠𝑘) − sin (𝑠𝑘)
[
[
[ sin (𝑠𝑘) cos (𝑠𝑘)
[
[𝐻30 ] = [
[
[ 0
0
[
[
0
0
[

1
0 ( ) {cos (𝑠𝑘) − 1}
]
𝑘
]
1
0
( ) sin (𝑠𝑘) ]
]
𝑘
] . (13)
]
]
1
0
]
]
0
1
]

Note that the resulting model in (13) is identical to the
one obtained in (7). A similar parallel calculation can be
performed to generate the 3D kinematic model. Note that the
model suffers from singularities (division by zero) when the
curvature is zero or when any section is straight.
Consequently, we have established a baseline kinematic
model relating backbone shape to task-space variables, independent of the approach used to find it.
3.3. Modal Approaches. The previous approaches establish
kinematics which directly model the nominal shapes the
robots can obtain. However, they are fairly complex to formulate and manipulate. An alternative strategy is to “build”
backbone shapes via a finite number of relatively simple
modal functions. Originally introduced to robotics in [78]
(in which the resulting shapes were used to plan movements
for hyperredundant rigid-link robots), the modal approach
builds the kinematics using as backbone curvature:
𝑛

𝑘 (𝑠) = ∑𝜇𝑖 𝜙𝑖 (𝑠) ,

(14)

𝑖=1

where 𝜇𝑖 are coefficients, and 𝜙𝑖 (𝑠) are the modal functions.
The modal functions act as “basis” functions for the backbone
curvature, with the coefficients selected to tune their combination to approximate (or, in some special cases, match) the
robot backbone shape [16, 78]. The coefficients become the
“configuration” of the robot.
The (number and type of) modal functions can be
selected from a wide range of possibilities [16, 78, 79]. For
example, in [78], Chirikjian and Burdick used the following
model:
𝑛

𝑘 (𝑠) = ∑𝜇𝑖 cos (𝑖𝜋𝑠) + 𝛽𝑖 sin (𝑖𝜋𝑠) .

(15)

𝑖=1

In this model, the configuration becomes 𝑞
=
[𝜇1 (𝑡), 𝛽1 (𝑡), . . . , 𝛽𝑖 (𝑡)𝜇𝑖 (𝑡), . . . , 𝜇𝑛 (𝑡), 𝛽𝑛 (𝑡)]. The use of
the classical trigonometric basis functions appears a natural
choice. However, an infinite number of trigonometric modes
are needed to model an arbitrary backbone shape. Also, this
basis set provides no spatial resolution (each basis function
affects the shape of the whole robot); so it is not possible to
“tune” a given region of the backbone.
It is sometimes possible to select modal functions to
achieve spatial resolution. In [16], (the first few elements of)
two alternative sets of Wavelet basis functions are used. These

use the “natural basis set” or “box functions” (left column in
Figure 9):
𝑛

𝑘 (𝑠) = ∑𝜇𝑖 𝜙𝑖𝑏 (𝑠)

(16)

𝑖=1

and the “Haar” basis set (right column in Figure 9):
𝑛

𝑘 (𝑠) = ∑𝜇𝑖 𝜙𝑖𝑤 (𝑠) .

(17)

𝑖=1

The natural basis set comprises “box functions,” with
(fixed) support, chosen to match the backbone region of
(nonextensible, planar) sections, and with the box magnitudes corresponding directly to the curvature of those
sections. The effect of using this basis set is illustrated in
Figure 9 (column 2) to successively (top to bottom) form
a specific shape for a four-section planar backbone. Note
that the natural basis set features fixed spatial resolution at
variable locations along the backbone.
The (first four elements of the) Haar basis set (both
sets are orthogonal sets in the sense of Wavelet bases) is
shown in the right hand column, top to bottom, of Figure 9.
These functions feature variable spatial resolution, at variable
locations. However, for this particular example, it can be seen
that they can also be combined (top to bottom, third column
of Figure 9) to produce the same shape as with the natural
basis set.
Note that the natural basis “box” functions in Figure 9
directly synthesize the kinematics for four constant curvature
sections. This is an example of exact modal function modeling. However, the box function approach is not generalized
to extensible sections or to 3D backbones; so this is a
(convenient) special case.
The key advantage of the modal function approach is
that the robot shape can be parameterized by a finite set
of user-selected functions with convenient properties. The
number of “modes” used can be user-selected, for example,
to constrain the computational complexity of the resulting
model. Modal models can be synthesized to eliminate the
singularities inherent in the models of Sections 3.1 and 3.2
(when sections straighten and curvature is zero) [79].
The main disadvantage of modal function-based
approaches is that they are inherently approximations: most
modal function sets which are convenient to manipulate
require many (typically, infinite) numbers of them to achieve
a given backbone shape. Most importantly, the set of shapes
available in the model is inherently restricted by the range
of (linear combinations of) the modal basis functions. For
many modal function sets, even if an infinite number is
used, it is not possible to model an arbitrary backbone shape.
Therefore, some physically achievable backbone shapes may
not be included in the modal models. This particularly is a
problem for 3D backbones [16]. Therefore, the use of modal
function approaches typically needs to be augmented with
additional analysis of and compensation for the inherent
mismatch between models and hardware.
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Figure 9: Construction of four-section planar continuum backbone shape via alternative modal basis sets. Left column: first four elements
(top to bottom) of natural basis set. Right column: first four elements (top to bottom) of Haar basis set. Second column: backbone shape
generation (top to bottom), adding successive natural basis functions. Third column: backbone shape generation (top to bottom), adding
successive Haar basis functions.

3.4. Kinematic Transformations Incorporating Actuator Variables. Kinematic backbone models are very useful and provide key insight into the possible configurations and behavior
of continuum robots. However, for practical implementation
of continuum robot realizations, even at the kinematic
level, further modeling is required. In the case of rigid-link
robots, the variables underlying their kinematic models (joint
angles and displacements) correspond closely to actuator
geometry. Conversion between configuration and actuator
variables (typically involving gear/belt/drive reduction ratios)
is relatively straightforward [1]. However, for continuum

robots, the relationship between the key variables defining
backbone configuration (extension, curvature, and torsion)
and actuated variables is considerably more complex.
For example, consider tendon-based continuum robots.
Here, the only actuated (and, often, sensed) variables are
tendon lengths, and it is desirable in practice to be able
to convert these tendon lengths to backbone configuration
(extension, curvature, torsion). This issue has been addressed
in [18], and in the following, we summarize the solution for
the case of a single (extensible) section with circular crosssection, actuated by three tendons, spaced at 120 degrees
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apart around the section perimeter. A good example of
such a section is the “Air-Octor” continuum robot [68, 69],
illustrated in Figure 10.
For the continuum section in Figure 10 (the kinematics
are similar, if not identical, for the sections of almost all
tendon-driven continuum robots), the forward problem is
to find the section shape from the three tendon lengths 𝑙1−3 .
The shape is given by the three configuration space variables:
section length 𝑠, curvature 𝑘𝜙 , and angle of curvature (from
the 𝑥-axis, measured about the 𝑧-axis of a coordinate frame
with its 𝑧-axis aligned with the base tangent of the section)
(see Figure 11).
The key to developing the needed transformations is to
exploit the geometric constraints of the design. The three
tendons are routed through a series of 𝑛 − 1 intermediate
connection points before being terminated at the end of the
section. During actuation, this causes the tendons to form
𝑛 straight line segments within the section. Straightforward
geometrical analysis can be used to show that the length ℎ𝑐 of
a (imaginary) tendon running directly through the center of
a single such segment of the section is given by
ℎ𝑐 =

𝑙3 + 𝑙2 − 2𝑙1
,
6𝑛

(18)

where the shortest tendon length is 𝑙1 , and 𝑛 is the number of
segments in the section. This length can be used to analyze
the “side-on” geometry (Figure 12).
Use of the geometric information in Figure 12 and a
projection onto the (𝑧, 𝜙) plane results [18] in expressions
for the curvature and angle of curvature in terms of tendon
lengths
𝑘𝜙 = 2

√𝑙1 2 + 𝑙2 2 + 𝑙3 2 − 𝑙1 𝑙2 − 𝑙2 𝑙3 − 𝑙1 𝑙3
𝑑 (𝑙1 + 𝑙2 + 𝑙3 )

,
(19)

√3 𝑙3 + 𝑙2 − 2𝑙1
),
𝜙 = tan−1 (
3
𝑙2 − 𝑙3
where 𝑑 is the radius of the section cross-section, and 𝑟1
is the inverse of its curvature. Finally, after some further
geometrical analysis, it can be shown that [18]:
𝑠=

𝑛𝑑 (𝑙1 + 𝑙2 + 𝑙3 )
2

√𝑙1 + 𝑙2 2 + 𝑙3 2 − 𝑙1 𝑙2 − 𝑙2 𝑙3 − 𝑙1 𝑙3
−1

⋅ sin (

√𝑙1 2 + 𝑙2 2 + 𝑙3 2 − 𝑙1 𝑙2 − 𝑙2 𝑙3 − 𝑙1 𝑙3
3𝑛𝑑

(20)
).

Equations (19) and (20) constitute the needed forward
map between actuator and shape variables for tendon-driven
extensible sections. Further work on kinematic transformations can be found in [18, 80, 81]. For example, in
[80], a mechanics-based model for transforming between
beam configuration and tendon displacements is formulated.
Inverse maps can also be formulated [81, 82]. It is fairly
straightforward to chain together multiple section models to
model a multisection robot; see [18] for details.

The aforementioned in models are critical in implementation of tendon-based continuum robots. They can be
easily modified for locally actuated designs, where tendon
lengths are replaced by internal actuator lengths. Finally,
note that the concentric tube realization of continuum robots
presents a distinct advantage in the context of kinematic
transformations, as the local extension and torsion (of each
tube section) are directly actuated, and thus no kinematic
transformation between these configuration and actuation
variables is required.
3.5. Extensions, Inverse and Velocity Kinematics. The kinematics formulations in Sections 3.1–3.4 represent the core
theory underlying continuum robots and have been the
subject of much of the theoretical research activity in the
area thus far. Extensions to this core theory have been
developed and there remains active research in the area.
In particular, efforts to remove the restriction to constant
curvature sections have been made.
More accurate kinematic models which explicitly include
the effects of external (particularly gravitational) loading have
been explored in the literature. The theory of Cosserat Rods
has proved particularly helpful in enabling researchers to
develop “geometrically exact” nonconstant curvature kinematic models [37, 60, 83]. However, the models are computationally complex [60] and harder to implement than
the constant curvature models. Consequently, the constant
curvature models remain predominant in continuum robot
implementations.
Inverse models (including those for both the configuration-workspace transformations of Sections 3.1–3.3 and
the actuator-configuration relationships of Section 3.4) have
been developed in [74] (for nonconstant curvature models),
[79, 82].
Various approaches to exploiting the kinematic relationships to formulate and exploit Jacobians which reflect the
velocity-level kinematic relationships have been proposed
[16, 74, 84]. Conventional techniques for formulating Jacobians for rigid-link robots can be applied to the “virtual”
rigid-link manipulator of Section 3.1 to derive a “continuum”
Jacobian. More directly, any of the kinematic relationships
(modal or direct) can be differentiated to find the appropriate
Jacobian. A Jacobian (pseudo-) inverse can then be used
to iteratively solve configuration space rates given desired
tip rates. For example, the modal function approach for the
planar four-degree-of-freedom example in Section 3.3 can be
used to derive
𝑑𝜇
𝑑𝑥 (𝑠)
(21)
= [𝐽 (𝜇, 𝑠)]
,
𝑑𝑡
𝑑𝑡
thus formulating the Jacobian and its relationship in terms
of the modal function coefficients and their time derivatives
[16]. Inverting this relationship yields model coefficient (and
hence shape) rates which can be numerically integrated to
provide shape trajectories corresponding to the input tip
rates. See Figure 13 for an example trajectory generated for
the example robot of Section 3.3 using this approach.
Research into continuum robot kinematics continues.
For example, an alternative (screw theoretic) approach to
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Figure 10: The single-section “Air-Octor.” Internal hose is pressurized; external hose is actuated (two independent degrees of freedom
bending, plus one of extension) by three remotely actuated tendons, terminated at the end of the section and spaced 120 degrees apart around
its perimeter.
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Figure 11: Definition of section configuration space variables for
curvature and angle of curvature.

the development of both kinematics and Jacobian formulation, using the “product of exponentials” approach, is given
recently in [39]. The approach is shown to produce the same
results as using the models described previously.

Figure 12: View from side of one segment of section.

4. Forces, Dynamics, and Control
4.1. Forces and Continuum Robots. The natural next step in
modeling of continuum robots is to include the relationships involving forces (and moments) and backbone shape
and shape changes. For conventional rigid-link robots, the
kinematic variables (joint angles/displacements) completely
determine the shape (configuration) of the robot. However,
for continuum robots, external forces (in particular, gravity)
act with the configuration variables and the internal energy
of the backbone to determine the ultimate shape of each
section [19, 47], even in free space. In any physically realizable
system, there can be only a finite number of actuated (i.e.,
directly controlled) configuration degrees of freedom. The
values of the remainder of the (infinite) degrees of freedom in

a continuum robot backbone will be determined by both the
constraints of the controlled degrees of freedom and internal
and external forces.
The kinematic models of Section 3 made no explicit
assumptions of internal or external loading. Implicitly, the
constant curvature assumptions in Section 3 assumed no
external loading and an even distribution of internal loading
within each section (to even out the uncontrolled degrees
of freedom to create the constant curvature). In practice,
gravitational loads cause some “section sag,” resulting in
section curvatures that are not truly constant. However, the
deviation from constant curvature in free space is typically
not large, and the constant curvature models have proved
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for concentric tube robots is presented in [87]. An approach
to continuum backbone contact detection and location of
contact along the backbone is developed in [88]. Methods
based on kinematics and statics are presented, supported by
experimental results with a tendon-driven continuum backbone. Recent extensions [38] present algorithms (supported
by experimental results) to register and locate continuum
backbones under external contact conditions with respect to
an a priori 3D model.
A novel alternative strategy is to explicitly use continuum
robots as force sensors [37]. In [37], an Extended Kalman
Filter approach is used with a tendon-driven continuum
robot to provide tip force estimates given kinematic models
and estimates.

1
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Figure 13: Straight line tip trajectory for four-section planar
continuum robot, generated using Jacobian from modal kinematics.

a good practical approximation in many implementations
[17, 59, 63].
However, as applications become more challenging, the
desire for more accurate models is increasing. Internal loads
can play a significant role in determining the shape of
concentric tube robots in particular. In [47], a quasistatic
model for predicting the shape of concentric tube robots
is presented. The model in [47] takes internal forces from
both bending and shear effects into account. Mechanicsbased models which consider torsional interaction between
the tubes of concentric tube robots are presented in [85].
Lumped-parameter models to model friction within a continuum catheter device are presented in [86].
More accurate kinematic models which explicitly include
the effects of external (particularly, gravitational) loading
have been explored in the literature [37, 83]. However, these
models are relatively complex. Consequently, the constant
curvature models remain predominant in continuum robot
implementations.
External loading becomes a much more significant factor
when the loads result from environmental contact, however.
In this case (inevitable when using continuum elements
for locomotion and actively sought when using them for
grasping and manipulation), the inherent compliance of the
continuum structures allows for significant deviation from
constant curvature. Notice that this deviation is inevitable—
the finite number of actuated degrees of freedom cannot,
in general, be made to control the infinite number of other
degrees of freedom in the structure, in the presence of general
and significant external forces. The deviation is also a desired
property, in order to allow the robot to adapt its shape to
environmental constraints, both for navigation and grasping.
In order to address some of these issues, new work
considers applied loading. A solution to the statics problem

4.2. Continuum Robot Dynamics. The earliest published work
on continuum robot dynamics, based on a modal model,
was [5]. Subsequent efforts based on the well-understood [1]
Lagrangian [75, 76, 89, 90] and Newton-Euler [61, 91, 92]
methods have been established. In the following, we outline
the Lagrangian dynamics approaches [75, 76, 90], which
generally parallel the commonly used formulation for rigidlink robots. However, there are several steps which are both
specialized to continuum robot scenario and which give good
insight into the nature of continuum robots.
The key initial step [75] is to model the backbone as being
comprised of circular cross-sectional “slices,” of infinitesimal
thickness. Each slice, at a location 𝜎 along the backbone, has
mass 𝑚(𝜎), inertia tensor 𝐼(𝜎), and first moment of inertia
𝑚(𝜎)𝑟(𝜎), where 𝑟(𝜎) is the distance from the slice geometric
center to its center of mass. The overall strategy is to find
the kinetic and potential energy of each slice, then the total
energies 𝐾 and 𝑃 (via integration along the backbone), and
finally substitute 𝐿 = 𝐾 − 𝑃 into Lagrange’s equations (𝑖 =
1, . . . , 𝑛)
𝑑
𝜕𝐿
𝜕𝐿
= 𝜏𝑖 (𝜎, 𝑡)
]−
[
̇
𝑑𝑡 𝜕𝜃𝑖 (𝜎, 𝑡)
𝜕𝜃𝑖 (𝜎, 𝑡)

(22)

to find the dynamic model. In the above, (𝜃𝑖 , 𝜏𝑖 ) are variables
selected to correspond to the 𝑛 actuated configuration space
variables and the corresponding forces which change them.
The kinetic energy of a slice (assuming the center of mass
is aligned with the geometric center of the slice) is most
directly given by
𝜕p (𝜎, 𝑡) 𝑇 𝜕p (𝜎, 𝑡)
1
} {
}
𝐾 (𝜎, 𝑡) = ( ) 𝑚 (𝜎) {
2
𝜕𝑡
𝜕𝑡
1
+ ( ) 𝜔(𝜎, 𝑡)𝑇 𝐼 (𝜎) 𝜔 (𝜎, 𝑡)
2

(23)

1
≜ ( ) V(𝜎, 𝑡)𝑇 𝑀 (𝜎, 𝑡) V (𝜎, 𝑡) ,
2
where {𝜕p(𝜎, 𝑡)/𝜕𝑡, 𝜔(𝜎, 𝑡)} are the linear and angular velocities of the slice center at 𝜎.
An additional step (analogous to the process for rigidlink robot Lagrangian dynamics) is now necessary. In order
to obtain the dynamics in terms of the useful variables (𝜃𝑖 , 𝜏𝑖 ),
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a (Jacobian) transformation must be found to convert V(𝜎, 𝑡)
in the above to 𝜕𝜃(𝜎, 𝑡)/𝜕𝑡. This Jacobian needs to account
for the phenomenon that the velocity at 𝜎 is a function of the
velocities at all locations 𝜂 prior to it along the backbone. To
this end, intermediate Jacobians [𝐽1 ], [𝐽2 ] are found such that
k (𝜎)
k (𝜂)
] = [𝐽1 ] [
[
],
𝜔 (𝜎)
𝜔 (𝜂)
𝜕𝜃 (𝜂, 𝑡)
k (𝜂)
[
] = [𝐽2 ]
,
𝜔 (𝜂)
𝜕𝑡

(24)

and a desired overall Jacobian operator [𝐽(𝜎,𝑡) ] is found as
V (𝜎, 𝑡) = [𝐽(𝜎,𝑡) ] {

𝜎
𝜕𝜃 (𝜂, 𝑡)
𝜕𝜃
} = ∫ [𝐽1 ] [𝐽2 ]
𝑑𝜂.
𝜕𝑡
𝜕𝑡
0

(25)

For full details, see [75].
Thus, the kinetic energy of a slice can now be represented
as
𝜕𝜃
𝜕𝜃 𝑇
1
𝐾 (𝜎, 𝑡) = ( ) { } 𝐽(𝜎,𝑡) 𝑇 𝑀 (𝜎) 𝐽(𝜎,𝑡) { } .
2
𝜕𝑡
𝜕𝑡

(26)

The overall kinetic energy is therefore
𝑙

𝐾 (𝑡) = ∫ 𝐾 (𝜎, 𝑡) 𝑑𝜎,
0

(27)

where 𝑙 is the length of the backbone. The potential energy of
a slice is found as
𝑃𝑔 (𝜎, 𝑡) = −𝑚 (𝜎) g𝑇 (𝜎, 𝑡) p (𝜎, 𝑡) ,

(28)

where g is the gravitation vector at 𝜎. The overall potential
energy given by
𝑙

𝑙

0

0

𝑃𝑔 (𝑡) = ∫ 𝑃𝑔 (𝜎, 𝑡) 𝑑𝜎 = − ∫ 𝑚 (𝜎) g𝑇 (𝜎, 𝑡) p (𝜎, 𝑡) . (29)
After forming 𝐿 = 𝐾 − 𝑃 and substituting into Lagrange’s
equations (22), the resulting dynamic model takes the form
Mq̈ + V (q, q)̇ q̇ + g (q) = 𝜏.

(30)

The underlying structure of the dynamic model closely
matches that of rigid-link robots, apart from being continuous in nature. For example, the inertia matrix 𝑀 can be
shown [90, 93] to be positive definite and symmetric, and it
satisfies the property (useful for control)
𝜉𝑇 (𝑀̇ − 2𝑉) 𝜉 = 0,

∀𝜉 ∈ R𝑛 .

(31)

The original derivation of (30) [75] assumed fixed length
(i.e., nonextensible) backbones and the only potential energy
in the system arose from gravity. Later work [90] generalized
the models to include extensible sections, and the effects of
elastic internal potential energy due to both bending and
extension. The corresponding energy terms are
2
𝑙
1
1
𝑃𝑏 (𝑡) = ( ) ∫ 𝑘𝑏 (𝜎) {𝜋 − ( ) 𝜎𝜅 (𝜎)} 𝑑𝜎
2 0
2

(32)

for bending (spring constant 𝑘𝑏 ) and
1
2
𝑃𝑒 (𝑡) = ( ) 𝑘𝑒 (𝑙 − 𝑙∗ )
2

(33)

for extension (spring constant 𝑘𝑒 ). Details of application
of the previous approach to compute the dynamics for
extensible and nonextensible backbones are given in [90].
Establishing the previous closed form dynamic models
for continuum robots has been significant in yielding insight
into the underlying structure of these devices. The structure
of the model is useful in synthesizing control strategies
[93, 94], and the dynamics enables realistic physics-based
simulations of continuum robots. However, the computational complexity of the resulting model is very high, and
the calculations for nonplanar backbones are nontrivial.
Real-time implementation of these models (even with the
simplifying assumptions of simple mass distribution) is a
daunting prospect.
Consequently, researchers have explored alternative
approaches to dynamic modeling for continuum robots.
Formulations based on the iterative Newton-Euler
approach have been established [61, 91, 92]. More recently,
computationally (more) efficient lumped-parameter models,
based on linear mass-spring-damper elements, have
appeared in the literature [95–97]. The model in [97] is tuned
to octopus-inspired underwater operation and includes
terms to model buoyancy and drag. These approaches
approximate the dynamics of (sections of) continuum
backbones by various combinations of linear elements,
with a view of trading off computational complexity of
the model against accuracy. Experiments have shown
good correspondence between the models and hardware,
for relatively a small number (less than twenty) of linear
elements [95].
Dynamic models for nonconstant curvature continuum
robots are beginning to appear in the literature [83]. However,
at the time of this writing, there are very few examples
of continuum dynamics being implemented on continuum
robot hardware. It is expected that, as applications expand,
particularly in areas such as medical procedures and locomotion with continuum limbs, the availability of dynamics
in real time will become increasingly necessary. Research in
continuum robot dynamics continues to be a very active area.
4.3. Continuum Robot Control. Controller development for
robotic structures is a fundamental issue, and several of
the early works [98, 99] in continuum robots concentrated
on this topic. Control of continuum structures is obviously
complicated by the inherently underactuated nature of the
backbone. Additional problems arise from the (typical) noncollocation of actuators with configuration space variables,
the complexity of the dynamic models, and the typical dearth
of local sensors in the structure.
For tendon-based continuum robots particularly, the
existence of kinematic transformations between configuration space and actuator space variables is critical in enabling
effective control. Controllers specific to tendon-based continuum robots have been presented in [80, 81, 83]. Stiffness
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controllers for continuum robots are introduced in [46].
In [46], a Cosserat Rod model is used to calculate the tip
deflection due to applied forces, enabling implementation
of stiffness control. The approach is applied in [46] to a
concentric tube robot, but the modeling strategy (combining
noncontact kinematics as in Section 3 with the Cosserat
Rod model to include applied forces) is applicable to other
continuum robot designs as well.
Control strategies attempting to compensate for the
complexity of the dynamics or for the uncertainty inherently
present in implementation of dynamic models are presented
in [98–100]. Inverse dynamics controllers are described in
[100]. In [99, 100], variable structure controllers are proposed.
A feedforward neural network approach for compensation
for the dynamics is discussed in [94]. Controllers in the task
space are presented in [49, 100]. A controller based on a
mechanics model describing coupling between sections is
presented in [81].
A key practical problem for continuum robot control
is at which level to close the loop. Sensors are typically
noncollocated with the backbone. Sensed quantities are
usually limited to tendon lengths (sensed at the base),
or pneumatic or hydraulic pressures of artificial muscles
(again, sensed remotely at pressure regulators, not at the
muscles themselves). Direct internal sensing of backbone
shape is complicated by the limited space available and
the current lack of suitable sensor technologies. Technologies based on fiber optics offer promise for low-profile,
high-quality local sensing of backbone curvature. However,
this has not yet been demonstrated in continuum robot
hardware. Consequently, transformations between actuator
and configuration space become important for controller
implementation, with the loop closed (error calculated) in
either space.
External sensing of continuum robot shape has also
been demonstrated. Electromagnetic field sensors were used
in [36] to sense the shape of tendon-driven endoscopic
systems. Vision has been used to infer the shape of continuum
robots in [101] (off-board cameras) and [102] (body-mounted
cameras), but the effectiveness of this strategy is limited by
issues of lighting conditions, occlusions, and so forth. Vision
has also been used to sense backbone tip location [81]. An
electromagnetic sensor is used in [49] to sense tip location
and enable task-space control.

5. Ongoing Research
With the field rapidly expanding and the core underlying
theory having been established over the last ten to fifteen
years, a wider variety of issues and problems are now being
considered by researchers. New work in motion planning
for continuum robots [52, 85, 103–105] is expanding the
boundaries of the possible for the field. Motion planners
based on mechanics models for concentric tube robots are
presented in [85, 103]. Planners have been proposed which
use the structure of continuum backbones to plan trajectories
which simultaneously avoid obstacles and grasp objects.
These planners are proposed for both 2D [105] and 3D [103]
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environments and are intended for real-time, or near realtime, implementation [103]. Extensions for moving obstacles
can be handled [105]. The emergence of low-cost and readily
available sensors such as the Kinect RGB-D sensor catalyzes
this type of research.
The existence of practical, real-time, sensor-based motion
planning algorithms will be important in moving the technology from the laboratory to numerous real applications
[106]. Currently, most of the higher-level functions (including
planning) are delegated to humans. Most implementations to
this point require teleoperation of the device [107], typically
using a joystick [108]. User interfaces for continuum robots is
a relatively neglected and poorly understood topic [108]. The
movements of continuum elements are often counterintuitive
to human operators, much more than for rigid-link robots,
leading to confusion and slow or poor decision making in
many experiments. Efforts to reduce operator cognitive load
via automatic motion planning and the synthesis of low
degree of freedom “synergies” [109, 110] are expected to prove
significant in widening the scope and effectiveness of possible
operations.
Recent theoretical work has investigated the structure of
the “self-motion” inherent in continuum structures [111]. This
self-motion (movement of the backbone while maintaining
the location of the tip), present in kinematically redundant robots, has proved useful in conventional rigid-link
manipulators. Multisection continuum robots are inherently
kinematically redundant, but, apart from its proposed use in
task-space control strategies [100], their self-motion remains
a little studied phenomenon.
The use of continuum robot structures as limbs for
“legged” locomotion has recently been the subject of attention [61, 112, 113]. Demonstration of multicontinuum-limbed
locomotion has been reported both underwater [33, 45],
and in air [112]. Multi- (two-) continuum-limbed swimming
is analyzed with feasibility demonstrated via a simple prototype in [114]. Multicontinuum-legged robots have been
demonstrated to walk and trot [112]. Possible applications
for this novel locomotion mode include various undersea
and space applications. Other space-based applications in
which continuum robots could be used effectively are as
“active hooks” [113] and as long, thin “tendril-like” robots
[31, 115–117]. In the latter mode, the robots could penetrate
and explore within tight obstacle fields such as crevasses,
lava tubes, or skylights, where key scientific questions are
currently focused.
Novel applications are emerging. Continuum robots have
been deployed recently as “active hoses” for ship-to-shore
refueling [118]. Extension to continuum robot surfaces, with
application to rehabilitation therapy for poststroke patients,
has been proposed [119].

6. Conclusions
We have reviewed the state of the art in continuum manipulators, focusing particularly on hardware design, kinematics,
and dynamics. The design of continuum robot hardware
is seen to have evolved into three fundamentally different
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directions. Two of these directions feature out-of-backbone
“extrinsic” actuation: one via remote actuation via tendons
and the other via remotely actuated sliding of concentric
tubes. The third direction forms the continuum backbone
from the actuators themselves and is hence termed “intrinsically actuated.” Actuator selection for intrinsically actuated
continuum robots can be from any available type of artificial
muscle. This could include pneumatic “McKibben” muscles,
hydraulically actuated muscles, muscles based on novel polymers, or shape memory alloys, for example. However, at this
time only the pneumatic or hydraulic actuator technologies
feature the combination of bending and force generation
capabilities for continuum robots at the human scale or larger.
At a large scale, the extrinsic tendon-driven designs have
the advantage of high force capability. At the small scale,
the concentric tendon design has advantages and is already
showing promise in numerous medical applications.
Understanding of the kinematics of continuum robots has
been the subject of much research and has now reached a
mature stage, with theory matching most of the corresponding results for rigid-link robots now established. Indeed, key
aspects of the core theory for rigid-link robots can be used
to form a baseline model for continuum robot kinematics, as
has been discussed herein. Alternatively, the same models can
be derived from first principles, and the results are seen to be
equivalent. However, continuum robot kinematics modeling
presents issues and difficulties not present for rigid-link
robots, due to the inherent compliance and infinite degrees
of freedom present in continuum robot backbones. Models
which take into account the effects on the kinematics from
external loading such as from gravity have been established.
However, the additional computational complexity in these
models remains to be a barrier to implementation at this
time.
Computational complexity is also a significant issue in
the study and application of continuum robot dynamics, and
related subfields. As discussed herein, traditional methods for
dynamics formulation, such as the Lagrangian and NewtonEuler approaches, can be extended and adapted to form
continuum robot dynamic models. These models are seen
to possess the same key structural properties as for rigidlink robots, encouraging the development of corresponding control strategies. However, the continuous nature of
the continuum backbone renders these models extremely
computationally complex. Some recent work has developed
less computationally complex approximate dynamic models.
However, at this time, few dynamics-based implementations
have been reported, and continuum robot dynamics and
control remain active research issues.
Taking advantage of the previous developments, research
into continuum robots is actively expanding at the time
of writing this paper. New work in areas such as motion
planning and contact modeling is extending our underlying
body of understanding and widening the scope of the field.
Researchers are partnering with various industries to explore
continuum robot solutions to such diverse applications such
as terrain-adapting continuum-limbed vehicles, ship-to-ship
refueling, and exploration of extraterrestrial surfaces. It is
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anticipated that the next ten years will see an explosion of
research, both basic and applied, in the area of continuum
robots.
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